The field-theoretical renormalization group approach in three dimensions is used to estimate the universal critical values of renormalized coupling constants g 6 and g 8 for the O(n)-symmetric model. The RG series for g 6 and g 8 are calculated in the four-loop and three-loop approximations respectively and then resummed by means of the Padé-Borel-Leroy technique. Under the optimal value of the shift parameter b providing the fastest convergence of the iteration procedure numerical estimates for g * 6 are obtained with the accuracy no worse than 0.3%. The RG expansion for g 8 demonstrates stronger divergence and results in considerably cruder numerical estimates.
I. INTRODUCTION
The three-dimensional (3D) O(n)-symmetric model plays a very important role in the theory of phase transitions. It describes critical phenomena in a variety of physical systems including Ising, XY-like and Heisenberg ferromagnets, simple fluids and binary mixtures, superconductors and Bose superfluids, etc. This model is relevant to certain asymptotic regimes of the critical behavior of helium-3 (n = 18) [1, 2] and neutron star matter (n = 10) [3, 4] undergoing phase transitions into triplet superfluid states as well as to those of the quark-gluon plasma in quantum chromodynamics (n = 4) [5, 6] . In the critical region, the n-vector model is known to be thermodynamically equivalent to the 3D Euclidean field theory of λϕ 4 type and may be treated by the field-theoretical renormalization group (RG) technique which proved to be very efficient both for studying the qualitative features of phase transitions and calculating the critical exponents [7, 8, 9, 10, 11] .
On the other hand, for decades the influence of ordering fields upon the critical behavior of various systems attracts permanent attention being of prime interest both for theorists and experimentalists. Recently, the free energy (effective action) and, in particular, higher-order renormalized coupling constants g 2k for the basic models of phase transitions became the target of intensive theoretical studies [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] .
These constants are related to the non-linear susceptibilities χ 2k , enter the scaling equation of state and thus play a key role at criticality. Along with critical exponents and critical amplitude ratios, they are universal, i.e. possess, under T → T c , numerical values that are not sensitive to the physical nature of the phase transition, depending only on the system dimensionality and the symmetry of the order parameter.
Calculation of the universal critical values of g 6 , g 8 , etc. for three-dimensional Ising model by a number of analytical and numerical methods showed that the field-theoretical RG approach in fixed dimensions yields the most accurate numerical estimates for these quantities. It is a consequence of a rapid convergence of the iteration schemes originating from renormalized perturbation theory. Indeed, the resummation of four-and five-loop RG expansions by means of the Borel-transformation-based procedures gave the values for g * 6 , which differ from each other by less than 0.5% [22, 23] while the use of a resummed threeloop RG expansion enabled one to achieve an apparent accuracy no worse than 1.6% [11, 21] .
Moreover, the field-theoretical RG approach turnes out to be powerful enough even in two dimensions: properly resummed four-loop RG expansions lead to fair numerical estimates for the critical exponents [7] and renormalized coupling constant g * 6 [28] of a 2D Ising model and give reasonable results for its random counterpart [29, 30] . It is natural, therefore, to use the field theory for calculation of renormalized higher-order coupling constants for the 3D n-vector model.
In this paper, the 3D RG expansion for the renormalized coupling constants g 6 and g 8 will be calculated and the numerical estimates for their universal critical values will be obtained.
II. RG EXPANSIONS FOR THE SEXTIC AND OCTIC COUPLING CONSTANTS
Within the field-theoretical language, the 3D O(n)-symmetric model in the critical region is described by Euclidean scalar field theory with the Hamiltonian
where a bare mass squared m 
In the critical region, the coefficients Γ 2k , being one-particle irreducible 2k-point vertices taken at zero external momenta, demonstrate well-known scaling behavior:
where η is a Fisher exponent and g 2k are some constants. Let us put as usually g 2 = 1/2.
Then g 4 , g 6 , g 8 ,... will acquire the universal values. The asymptotic critical values of g 4 , g * 4 (n), determine the critical exponents and other universal quantitites thus playing a very important role in the theory. The numbers g * 4 (n) have been found by resummation of the six-loop expansion for RG β-function [7, 8, 10, 11] , from strong-coupling series [31] , by lattice calculations [25] , from the ǫ-expansion [32] and known today with the accuracy which may be referred to as rather high.
The universal values of higher coupling constants g * 6 , g * 8 , etc. determine the structure of the free energy F (M, m) under strong critical fluctuations. In fact, the Taylor expansion of the scaling function contains the ratios g * 2k /(g *
)
k−1 what may be easily shown by replacement of the magnetization M in Eq.(2) by the dimensionless variable z = M g 4 /m 1+η :
Moreover, via g 2k the non-linear susceptibilities χ 2k can be expressed. For χ 4 and χ 6 corresponding formulas are as follows:
Their inversion gives the relations
which are widely used for extraction of numerical values of renormalized coupling constants from the results of lattice calculations [18, 20, 25, 26, 33, 34] .
The method of calculating the RG series for g 6 and g 8 we use here is straightforward.
Since in three dimensions higher-order bare couplings are irrelevant in RG sense (see, e. g.
[35]) the renormalized perturbative series to be found can be obtained from conventional Feynman graph expansions for the six-point and eight-point vertices in terms of the only bare coupling constant -λ. In the course of calculations the tensor structure of these vertices:
should be taken into account. In its turn, λ may be expressed perturbatively as a function of the renormalized coupling constant g 4 . Substituting corresponding power series for λ into original expansions we can obtain the RG series for g 6 and g 8 . As was recently shown [19, 21, 22 ] the one-, two-, three-and four-loop contributions to g 6 are formed by 1, 3, 16, and 94 one-particle irreducible Feynman graphs, respectively. Their calculation gives: 
The perturbative expansion for λ emerges directly from the normalizing condition λ = mZ 4 Z −2 g 4 and the known series for Z 4 [10] :
+(0.0040314418 n 3 + 0.0679416657 n 2 + 0.466356233 n + 1.240338484)g Combining these expressions we obtain
n + 26 27
− (−0.00000949 n 3 + 0.00783129 n 2 + 0.34565683 n + 2.14825455)g 
In the case of g 8 , the one-, two-, and three-loop contributions are given by 1, 5, and 36
Feynman graphs respectively. Corresponding "bare" and renormalized perturbative expansions are found to be: 
In the next section, the series Eqs.(11), (13) will be used for estimation of the universal numbers g * 6 and g * 8 .
III. RESUMMATION AND NUMERICAL ESTIMATES
Being a field-theoretical perturbative expansions the series Eqs. (11), (13) have factorially growing coefficients, i. e. they are divergent (asymptotic). Hence, direct substitution of the fixed point value g * 4 into them would not lead to satisfactory results. To get reasonable numerical estimates for g * 6 and g * 8 some procedure making these expansions convergent should be applied. As is well known, the Borel-Leroy transformation
diminishing the coefficients by the factor (i + b)! can play a role of such a procedure. Since the RG series considered turns out to be alternating the analytical continuation of the Borel transform may be then performed by using Padé approximants.
Let us discuss first the estimation of the sextic coupling constant g * 6 . With the four-loop expansion (11) in hand, we can construct, in principle, three different Padé approximants: 
For the fixed point coordinate g * 4 the values given by the resummed six-loop RG expansion for the β-function are adopted [7, 11] , which are believed to be the most accurate estimates available today. The optimal value of b providing the fastest convergence of the iteration scheme is then determined. It is deduced from the condition that the Padé approximants employed should give, for b = b opt , the values of R * 6 which are as close as possible to each other. Finally, the average over three estimates for R * 6 is found and claimed to be a numerical value of this universal ratio.
To get an idea about how such a procedure works, let us address to Table I where the results of corresponding calculations for n = 1, n = 3, and n = 10 are presented. It is seen that for n = 1 and n = 3 b opt , providing a coincidence of the estimates given by all three working Padé approximants, is equal to 1.24. For n = 10 b opt fixed by the approximants Table I , with increasing n numerical estimates for g * 6 become less dependent on b, i. e. their sensitivily to the type of resummation decreases. It is not surprising. The point is that the RG expansion (11) becomes less divergent when n grows up. To make this property obvious, let us replace g 4 in (11) by the effective coupling constant
that is known to be only weakly dependent on n: it varies from 1.415 to 1 when n goes from 1 to infinity [10, 11] . Then we obtain 
One can see now that all the terms in the RG expansion for g 6 (in square brackets) apart from the first one monotonically decrease when n → ∞. It implies that the larger n the smaller the contribution of the higher-order terms and, correspondingly, the better the approximating properties of this series.
This conclusion is definitely confirmed by Table II . It contains numerical estimates for g * 6 resulting from the four-loop RG expansion resummed by the Padé-Borel-Leroy technique described above (column 3) and their analogs given by the Padé-Borel resummed three-loop RG series [11] (column 4). As is seen, with increasing n the difference between the four-loop and three-loop estimates rapidly diminishes. Being small (0.9 %) even for n = 1, it becomes negligible at n = 10 and practically disappears for n ≥ 14.
How close to the exact values of g * 6 may the numbers in column 3 be? To clear up this point, let us compare our four-loop estimate for R * 6 at n = 1 with those obtained recently by an analysis of the five-loop scaling equation of state for the 3D Ising model [23, 37] .
R. Guida and J. Zinn-Justin have obtained R * 6 = 1.644 and, taking into account some additional information, R * 6 = 1.643, while our estimate is R * 6 = 1.648. Keeping in mind that the exact value of R * 6 should lie between the four-loop and five-loop estimates (the RG series is alternating), our estimate can differ from the exact number by no more than 0.3 %. Since for n > 1 the RG expansion (11) was argued to provide the better numerical estimates than in the Ising case, this value (0.3 %) may be referred to as an upper bound for the deviation of the numbers in column 3 of Table II from their exact counterparts. It is interesting to compare our estimates for g * 6 with those obtained by other methods. Since 1994, the universal values of the sextic coupling constant for the 3D O(n)-symmetric model were estimated by solving the exact RG equations [15] , by lattice calculations [18] , and by a constrained analysis of the ǫ-expansion [27] ; corresponding results are collected in columns 5, 6, and 7 of Table II respectively. As is seen, they are, in general, in accord with ours.
Less optimistic situation takes place in the case of the octic coupling constant g 8 . The
RG expansion Eq. (13) is shorter than Eq. (11) and stronger diverges. Moreover, the second term in this series, along with the first one, remains finite under n → ∞. It becomes obvious if one replaces g 4 by g:
In addition, the RG series for g 8 has unusual feature: when n → ∞, the first and second terms tend to compensate each another making their mutual contribution small and increasing the role of the higher-order terms. That is why numerical estimates resulting from the expansion (17) are expected to be substantially cruder than those given by the series (16) both for small and large values of n.
In order to estimate g * Dealing with a single Padé approximant we need in some condition to fix the optimal value of the shift parameter b. For the three-dimensional Ising model the estimate g * 8 = 0.825 was recently found [23] . This number has been extracted from the five-loop RG expansion and may be referred to as most accurate known up today. It is natural therefore to tune, by proper choice of b, a numerical value of g * 8 (1) given by the resummed three-loop RG series with the best estimate available. Such a procedure leads to b opt = 40 and this number is adopted as optimal in the course of evaluation of g * 8 for arbitrary n.
The results of our calculations are collected in Table III where the estimates for g * 8 (n) obtained by a constrained analysis of the ǫ-expansion [27] , by approximate solution of the exact RG equations [15] and given by the 1/n-expansion technique are also presented for comparison. As is seen, for n ≥ 8 the numbers originating from two field-theoretical approaches -g-expansion in three dimensions and ǫ-expansion -agree quite well. However, for smaller n, especially for n = 2, differences between them turn out to be rather big. It is not surprising since too short perturbative expansions for g 8 are available both in 3 and 4 − ǫ dimensions and they demonstrate strong divergence preventing accurate numerical estimates from to be obtained. At the same time, our three-loop RG estimates are believed to be closer to the true critical values of g 8 than those given by the ǫ-expansion because in three dimensions we have longer perturbative series. A fair agreement between our results and the numbers emerging from the exact RG equations (see Table III ) may be considered as an argument in favor of this conclusion. Nevertheless, the accuracy of the estimates obtained for g * 8 can not be thought of as sufficient. They certainly need to be improved what may be achieved via the calculation of the higher-order terms in relevant RG expansion.
IV. CONCLUSION
To summarize, we have calculated the RG expansions for renormalized coupling constants g 6 and g 8 of the 3D n-vector model in four-loop and three-loop orders, respectively.
Resummation of the RG series by the Padé-Borel-Leroy method has enabled us to get numerical estimates for the universal critical values of these quantities for arbitrary n. Having analyzed a sensitivity of the RG estimates for g * 6 to the type of resummation procedure and a character of their dependence on the order of the RG approximation an apparent accuracy of these numbers has been argued to be no worse than 0.3%. Numerical estimates for g 
